A UTOMA

TI CALL

Y VERIFIED

ARITHMETI C ON PR

OBABILITY

DISTRIBUTI ONS AND INTER V ALS

Daniel Berlean t

Dept. of Computer Systems Engine ering, University of Arkansas,

F ayettevil le, AR 72701, email: djb@engr.uark.e du

ABSTRA CT

In this chapter we address two related problems:

1. Representing and op erating on op erands which are probability distribution func-

tions; and

2. Representing and op erating on op erands when one is a distribution function and

the other is an interv al.

W e discuss how to do these op erations and get automatically veri�ed results, using a

metho d based on histograms. Histograms are comp osed of bars, each with an asso ci-

ated interv al and probability mass. A histogram discretizes a probability distribution

function in that each bar represents a p ortion of it, with the area of the bar equal

to the area of the distribution function over that part of its domain corresp ond ing to

the interv al-v alued p ortion of the x-axis under the bar.

1 INTR

ODUCTION

The earliest use of histograms for represe nting and op erating on distribution

functions we have found app eared in 1968 (Ingram et al. [8]). That metho d was

further develop ed by Colomb o and Jaarsma in 1980 [4] and subsequently gener-

ated attention mostly in reliability analysis [9, 1, 5, 16] although the technique

�

F or completeness in presentation, this chapter contains some passages similar in conten t

to passages app earing in [2].

1

2 Chapter 1

itself is a general one. The metho d used was not automatically verifying. The

metho d also served as a foundation for Kaplan’s (1981 [10]) p opular v ariation,

which has generated over 50 citations in Science Citation Index over the years.

However it is unclear how to further develop Kaplan’s metho d into one which

is automatically verifying. Mo ore (1984 [14]) indep endently develop ed another

v ariation in which results are express ed as cumulative distribution functions

(CDFs), which (b ecause they are the integrals of probability density functions)

b egin at zero and rise to one over a typically S-shap ed curve. R. E. Mo ore

(1984 [14]) and A. S. Mo ore (1985 [13]) address non-trivial applications, but

do not address automatic veri�cation. A more recent v ariation on histogram

arithmetic is describ ed by Gerasimov et al. (1991 [6]).

The approximating nature of the metho d of Ingram et al. and Colomb o and

Jaarsma is due to assumptions ab out how the mass of any given bar of the

histogram is distributed over the interv al-v alued p ortion of the x-axis under

the bar. F or example, b ecause a bar is depicted graphically with a at top one

might assume that the asso ciated mass is distributed evenly over the interv al

for that bar.

W e have develop ed an automatically veri�ed way of op erating on histograms by

mo difying the original histogram based approach of Ingram et al. and Colomb o

and Jaarsma. In the next section, we describ e how the discretization imp osed

by a histogram may itself b e automatically veri�ed in that the discretization

weakens the statement made by the PDF, retaining correctne ss, rather than

simply replacing the PDF with strong but approximate statement. Then, we

describ e how arithmetic op erations on histograms can b e automatically verify-

ing. As a signi�cant side b ene�t, automatically veri�ed op erations can b e made

on op erands when one is a PDF and the other an interv al, b ecause b oth PDFs

and interv als can b e repres ente d as histograms and arithmetic op erations are

done on histograms rather than on PDFs or interv als p er se. While others have

develop ed v arious metho ds for op erating on PDFs such as using moments and

de�ning sp ecial classes of PDFs, we are not aware of metho ds that work well

when one of the op erands happ ens to b e an interv al instead of a PDF.

2 CORRECTL

Y REPRESENTING PDFS

AND INTER V ALS WITH HISTOGRAMS

Histograms can b e used to correctly repres ent b oth probability distribution

functions (PDFs) and interv als. W e take an interv al I to b e an incompletely

Using Histo gr ams for V eri�e d Calculations 3

sp eci�ed statement ab out v alue. There is a probability of one that the v alue

falls within the interv al. Hence, an interv al I de�nes a class of PDFs consisting

of all PDFs f (x) for which f (x) = 0 for x 62 I .

Let us examine �rst how to represe nt a PDF correctly using a histogram, and

then how to represe nt an interv al correctly using a histogram.

2.1 Correctly Represen ting a PDF with a

Histogram

A histogram discretizes the underlying PDF. The discretization may b e viewed

as intro ducing information loss rather than error. T o see this, consider a his-

togram discretization of a PDF to divide the PDF’s domain on the x-axis into

a set of interv als, each asso ciated with a probability mass equal to the integral

(area) of the PDF over that interv al on the x-axis. The graphical depiction of

a histogram is then simply a convention for describing this set of interv als and

their asso ciated masses, a set which we will call an interme diate distribution.

A histogram graphic (Figure 1, top) is user friendly but has the disadv antage

that a histogram bar is conventionally shown with a at top, which might

give the impression that the probability mass asso ciated with the interv al for

that bar is assumed to b e distributed evenly over its range. In fact, in our

technique no assumption is made ab out how the probability mass asso ciated

with an interv al is distributed over that interv al, hence a given histogram bar

is consistent with any such distribution, not only the PDF that the histogram

might have b een intended to discretize but also an in�nite numb er of other

PDFs.

W e can interpret a histogram as represe nting a PDF correc tly

, not approxi-

mately

, by sacri�cing some information ab out the PDF in repres enting it with

a histogram. T o do this, simply view the at top of each bar as b eing an

artifact. If one takes the p ersp ect ive that a bar do es not de�ne how its area

is distributed within its interv al, then information loss by the discretization is

implied since the original PDF do es de�ne exactly how its area is distributed.

However, the limited statement the bar do es make, that a certain area o ccurs

under the PDF over a certain interv al, is now correct. This is shown by Fig-

ure 2, which contains dissimilar PDFs which are all correctly describable using

the same 2-bar histogram.

4 Chapter 1

Figure 1 A histogram and its two corresponding CDF b ounds (one solid and

one dotted).

Using Histo gr ams for V eri�e d Calculations 5

Figure 2 our of in�nite of probabilitydensity functions repre-

sentable with histogram. A histogram bar spans an in alIand

a height. Consequentlit has whicenco des a probability mass. This

area equals probabilitymass) of the over intervI.

(Figurefrom [2].)

ations of an lso e Shown

ally.

A histogram (represen ting a family of PDFs) b into pro duce two

cumulative functions (CDFs) that b family of CDFs cor-

resp to the family of PDFs. of the two assumes extreme

case probability mass asso ciated with eacbar of the histogram is

distributed in very skewway | all at the lowb ound of asso ciated

in al. The lower the two b CDFs the other extreme, that

each probability mass is concentrate d at the upp er b of its corresp onding

in al. Any other in�nite numb er of distributions consistent with the

histogram, when integrated, results in a curve stays within the two stair-

shap b ounding 1. The space b etween these

b ounding re ects the information loss asso the discretization.

2.2 Correctly ting an with a

Histogram

e take in al to b a such that it probability one of b eing

within the in al, and probability zero of b eing it. An in al is

6 Chapter 1

represe nted in our technique as a histogram with one bar. o repres ent the

in al b ounding CDFs, wmust determine of CDFs consistent

with the in al. two extreme CDFs that b ound this the

one rises than any other CDF consistent with the in al, and the

one rises slower anconsistent with in al. The one

that rises will corres p ond to the PDF which is of mass at

the in al’s lower b ound (that the ariable’s alue is certainly equal the

in al’s lowb ound). Likewise, the that rises slowest will corresp ond to

the which is an 1 at the in al’s upp er b ound. The

in al therefore repres enas a family of CDFs two b ounding

each have one \step." shoin al and represe ntation

as b family of CDFs; the b ounds this family ab ove

jumps from zero to one at in lower b ound, b ounds it

from b elow jumps from in al’s b ound.

3 ARITHMETIC OPERA

TIONS

e intro duce arithmetic PDFs in context of 4a{d)

(a abstract presentation of the metho app in [2]). The in al

arithmetic op eration, whichever one it is applied to in al a bar i

of op erand 1 the in al for bar j of op erand 2 4b),

pro ducing in

I

ij

; for every p ossible j (Figure 4c). other

words, the op eration is to each memb er of the Cartesian pro duct of the

bars in op erand 1 and in op erand 2. The a set of in

I

collectively the result, called an b ecause

it is nor a CDF, is a list of in their

asso ciated probability masses. The probability mass asso ciated with eacI

ij

in this result is the probabilitythat the alue op erand is in bar i; which

wwill call p

i

; and that alue of op erand 2 jwhicwe will call

p

j

: indep endent op erands, the probability asso ciated with resulting

in al I

ij then p

i p

j

; as shown in table Figure 4c. indep endenc e

assumption is a limitatiowhiccould b eliminated bextending metho d

to non-indep endent op erands whose joint is known.

Using ams for d Calculations 7

Figure 3 The in al[4; 7] and its representation1-bar histogram (top)

as twCDFs b oundingthe of all CDFs consistent the interval

(b ottom).

8 Chapter 1

4a: Let this describ

X : It depicts intermediate distri-

bution fp([1; 2]) =

1

2 p([24]) =

1

2 g:

Figures 4a{d illustrate mtwop erands. The user two

histograms X (Figure Y (Figure 4b). These represented

internally as intermediate is, in and asso ciated prob-

ability masses. The indistributions are used to X � Y , whose

intermediate is shown in the of Figure 4c. Integrating this

result pro duces the CDF b shoin Figure 4d. (The dotted lines lower

left p ortion of the e�ect 3.2.)

Using ams for d Calculations 9

4b: histogram describ e uncertain alue indistri-

bution fp([2; 3]) =

1

4 p([34]) =

1

2

; p([45]) =

1

4 g:

10 Chapter 1

Cartesian

pro duct

term #

Op erand

1

(X

i

)

Op erand

2

(Y

j

)

Result

intermediate

distribution

#1 in al

probability

[1; 2]

1=2

[23]

1=4

[26]

1=8

#2 in

[12]

1=2

[34]

1=2

[38]

1=4

#3 in

[45]

1=4

[410]

1=8

#4 in

[24]

[23]

[412]

#5

[616]

1=4

#6

[820]

4c: the indistributions that describ e the indistri-

butions for X and Y leads to intermediate distribution, shoin the last

column. (This intermediate conovin als, as is typical

of inop erations.)

0

0.125

0.25

0.375

0.5

0.625

0.75

0.875

1

1 4 8 10 20

4d: Inthe incolumn of Figure 4c

pro duces stair-step shap ed, b CDFs. [2].)

Since no may b e made ab out distribution of mass within any

in al either op no mab e made ab the distribution of

mass within anin the result. Therefore the integral the intermediate

result collection cannot b e fully de�ned. However wb integral

Using ams for d Calculations 11

with upp er and lowCDFs. These CDFs b ound a space of CDFs containing all

CDFs corres p onding to the intermediate resulting in probability masses over resp e ctive intermediate in als.

This how the b ounding CDFs are derived. or eacmemb er of the resulting

intermediate distribution, its integral rise faster or slower, dep its

distribution probability mass. By assuming each memb integral rises as

fast p we get b CDF. By eacmemb integral

rises as slow as p wget the other b ounding CDF.

Illustrating the integration the indistribution Fig-

ure 4c to pro Figure �rst row #1. The part the resulting

indistribution derived in rosp eci�es probability

1

8 distributed

somehow ovin al [2; 6].If that

1

8 mass was bhaving it all

over the lower b ound of the in al, then integral of the intermediate

distribution comprising result would rise immediately to

1

8 as integral

curve passed the alue the x-axis. This constitutes the p ossible

rise in al [2; 6]could lead to. Lo oking next at the

1

4 probabilitrow

#2, the fastest p ossible rise could cause would b e if that probability mass

was concentrated over the lower b ound of its in al, and CDF would

discontinuously rise ab ovlevel by

1

4 a alue 3 on the x-axis.

If all the other rows in Figure are similarl,the inwill rise

at the maximum p ossible rate and the upp er b ounding CDF in

Figure 4d.

The lower b ounding CDF is the same wa, except that the probability

masses asso with the rows of the table assumed to b e concentrated at

the upp er b ounds asso in als, instead lower b ounds as

b efore. The b are automatically veri�ed, b ecause any

CDF corresp onding to consistent with the histogram fall within

those b ounds.

An approacusing CDF b systems administration app ears

in Post Diltz (1986 [15under the of the chastic

�eld

[12], whicrecognizes the usefulness of b ounded families of �elds such

as �nance. area of related wstatistics.

12 Chapter 1

3.1 bining a

Since an in can b e represe nted as a histogram with one the

same pro cess used to combine two op can b e used to combine

a PDF op and in op erand. As example, consider describing

Z, where Z = + , X andiscretizable as the histogram shown

earlier Y is in

[4; 7](shown histogram in

Figure 3, top). 5a shows pro table the interme-

diate distribution the shown in column. Integrated, this may

b e , as shoin Figure 5b.

Cartesian

pro duct

term #

Op erand

1

(X

i

)

Op erand

2

(Y

j

)

Result

intermediate

distribution

#1 in probability

[2; 3]

1=4

[47]

1

[610]

1=4

#2 in

[34]

1=2

[47]

1

[711]

1=2

#3 in

[45]

1=4 1

[812]

1=4

5a: Adding X and Y where X is representation of PDF Y is a

histogram represenof an in al. d Calculations 13

5b: b ounds on adding a and an in al.

Figure 5. Adding and an in al. Since the representation can

express b and in als, the metho describ arithmetic on op erands

regardless of whether an op erand is an in

3.2 Excess Width

In imp ortancomp onenthe metho and excess

width p ossibility under some circumstances . or example, desired

op eration on two histograms mab e expression that, on

in al for a bar in one histogram and in al a on the other,

results in an in al conexcess width. The set of in als

wthen contain in als with excess width.

When in als the result of op have excess width, in

that how probability masses are distributed are to o wide, so that

the pro cess of the two most of an

in al help form the upp er and lowb ounding CDFs pro duces extreme

14 Chapter 1

are to o extreme. or concentrating mass at

an in al lowb ound to o lowhen integrated form b ounding

CDF, makthe CDF rise to so on. Likewise, an upp er b ound that is to o

high leads to a b ounding rises to o slo.consider

row #1 of 4c. The in al is [2; 6],but supp calculation that

pro duced it added exces s width and the in al as [1; 7],

wider than is. Then one extreme distribution mass of

1

8 would

have it concentrate d at the other extreme distribution whave it

concentrated at 7. This would widen b ounding CDFs shoby dotted

lines in Figure 4d. In general, exces s width in in als in the

of an op eration creates weaker b ounding CDFs. This means results are

weaker, still automaticallveri�ed.

3.3 Other ds

One approach op address only a limiPDFs,

such of lognormalcurves. This metho d has antage over

the metho d describ ed in it do es not apply to arbitrary PDFs.

A second approach is to use moments PDFs to calculate momenof the

result of combining them. This has usually meant approximating, although

and Kafrawy [16present a ariation providing quanti�able

accuracy that can b arbitrarily improved." Howevnot address the

issue of op erations where one op erand is a other an in

A recent constraint satisfaction approach the problem of op erating PDFs

is given by Hyv� onen (1995 [7]), use a histogram-like repres entation to

express envelop es around inof around the CDF in the present

work.

The most knoused metho is the Monte metho d. A

comparison with MonCarlo is 1 summarizes).

Disadvantages of the automaally d am

d d Monte Carlo d

The automatically veri�ed metho do presently handle dep en-

dent op Monte approaccan, if the dep endency is

known. However, the automatically veri�ed histogram metho d could b e ex-

Using ams for d Calculations 15

Automatically

veri�ed

histogram

metho d

Monte

Carlo

metho ds

Handles

dep endent

inputs?

(not

currently) p

Automa-

tically

verifying?

p

(excess width

p ossible)

�

(insu�cient width

almost certain)

Handles

in al

inputs?

p p

Handles

PDF

inputs?

p p

Handles

PDFs and

in als?

p

�

able 1 A comparison Monte Carlo the automatically veri�ed

histogmetho ds.

16 Chapter 1

tended to dep endent inputs joint could b e to

the probabilities the in als in inresulting

from op eration, instead indep endence and getting the

of the in als the result by multiplying the probabilities of

the op erand in als as 4c.

dvantages of ald am

d d Monte Carlo d

Monte metho wbrandomly cho input alues. Many sets of

input alues cway used to get many corresp onding output alues. or inputs known fall within in the range generated

by a su�ciently large sample of p ossible the

of p ossible outputs. However there is a p ossibility that that

truly result in the most extreme outputs wnever tried, so that the observed

range of outputs a subset of the range outputs p ossible. Thus the

observed of outputs is likely to b e to o narrohence the of

the Monte Carlo pro cess are unguaranteed.

or inputs known su�cienso that they b characterize d by

PDFs, the inputs would b e randomly sampled to the so that

for su�ciennumb ers of the distribution of will approx-

imate PDF to generate them. The observdistribution of outputs

corresp to such a set of inputs then approximates true PDF the

output. The likely deviation that b e statistically character-

ized an envelop e around the of the observed PDF. That envelop has

con�dence level asso ciated with (e.g. Kolmogorov [11], guar-

antee. However, automatically veri�ed histogram metho do es provide a

guarantee envCDF b ounds it pro duces.

Another antage the automatically veri�ed histogram metho d applies

when one ariable is the other in al. Monte Carlo

metho have di�cultsuch a problem b ecause of di�culty of

sampling an input space consisting b oth in als PDFs. However the

automaticallyveri�ed metho wwell when one op erand

a PDF other an in al as it do es when b op erands are PDFs.

d Calculations 17 ts

The author thanks Hang implementing the metho in software

to [3and Bill for p ointing out metho b extended

to dep endent op if their joint distribution is known.

REFERENCES

[1] S. Ahmed, \A Metho Propagating

Uncertainty in Assess ment," gy, 1982,

238{245.

[2] D. Berleant, \Automatically eri�ed Reasoning In als and

Probability DensitInterval Computations, 1993, No. pp.

48{70.

[3] H. and Berleant, Software o Automatically eri�ed

Op erations on In als Probability submitted the

International Journal eliable Computing.

[4] G. Colomb and R. J. Jaarsma, \A Powerful Numerical Metho d to

Combine Random IEEE ansactions on eliability, ol.

R-29, pp. 126{129.

[5] F. Mo for Marginal ReliabilitMionics and eliabilityol. 1087{1102.

[6] V. A. GerasimoS. and M. u. Shustro\Numerical Cal-

Histogram Op erations their Applications," Avtomatika i

elemekhanika1991, ol. 2.

[7] E. Hyv� onen, asoning on ability manu-

script (1995), author is at Information ecP.O. Bo1201,

02044 Finland.

[8] G. Ingram, E. L. elker, and Reliabil-

ity Based on Probabilistic Mo deling Access Computer Sys-

tems", eliability and e, Amer-

ican So cietof Mechanical Engineers, 1968, pp. 492{500.

[9] . S. Jackson, R. Ho ckenand M. L. \UncertaintAnalysis

of System Reliability and ailability Assess ment", arering

Design, 1981, ol. 1981, pp. 5{29.

18 Chapter 1

[10] Kaplan, \On Metho of Discrete Probability Distributions Risk

and Reliability | Application to Seismic Risk Assess ment,"

Risk Analysis, ol. 1, 3, pp. 189{196.

[11] A. Kolmogoro� (a.k.a. Kolmogorov), \Con�dence Limits for Unknown

Distribution unction," Annals

Statistics, 12,

4, 461{463.

[12] , \Sto chastic Dominance and Exp ected Utility: Survey and Anal-

Management e, 1992, ol. 555{593.

[13] A. S. Mo ore, \In

Risk of Real Estate Investment: Non-

Monte Carlo Approac ger l-Berichte85/3,

23{49.

[14] R. Mo ore, \Risk Analysis Without MonMetho ds," ger

l-Berichte, 1984, 84/1, 1{48.

[15] V. PD. \A Sto chastic Dominance Approach Risk

of Computer Management Information Quar-

terly1986, ol. 10, pp. 363{375.

[16] A. Kafra, \Uncertainty Propagation in ault-

ree an Exact Metho of Momen andeliability, 1988, 28, No. 6, 945{965.