Qualitativ e and Quan titativ e Sim ulation: Bridging the Gap

Daniel Berleant

Dept. of Computer Systems Engineering

Universit y of Ark ansas

F ayetteville, AR 7270 1

djb@eng r.uark.e du

Benjamin Kuip ers

Department of Computer Sciences

University of T exas

Austin, TX 78712

kuip ers@cs.utex as.e du

August 4, 1997

Abstract

Shortcomings of qualitative simulation and of quantitative simulation motiv ate combining

them to do simulations exhibiting strengths of b oth. The resulting class of techniques is called

semi-quantitative simulation. One approach to semi-quantitative simulation is to use numeric

interv als to represe nt incomplete quantitative information. In this research we demonstrate semi-

quantitative simulation using interv als in an implemented semi-quantitative simulator called Q3.

Q3 progressively re�nes a qualitative simulation, providing increasingly sp eci�c quantitative

predictions which can converge to a numerical simulation in the limit while retaining imp ortant

correctnes s guarantees from qualitative and interv al simulation techniques.

Q3’s simulations are based on a technique we call step size r e�nement. While a pure qual-

itative simulation has a very coarse step size, represe nting the state of a system tra jectory at

relatively few qualitatively distinct states, Q3 interp olates newly explicit states b etween distinct

qualitative states, thereby represe nting more states which instantiate new constraints, leading

to improved quantitative inferences .

Q3’s techniques have b een used for prediction, measurement interpretation, diagnosis, and

even analysis of the probabilities of qualitative b ehaviors. Because Q3 shares imp ortant ex-

pressive and inferential prop erties of b oth qualitative and quantitative simulation, Q3 helps to

bridge the gap b etween qualitativ e and quantitative simulation.

�

This research was supp orted in part by NSF grants IRI-8905494 and IRI-8904454 and NASA grant NAG 5207, and

p erformed in part for the Jet Propulsion Lab oratory

, California Institute of T echnology

, sp onsored by the National

Aeronautics and Space Administration. Reference herein to any sp eci�c commercial pro duct, pro cess, or service do es

not constitute or imply its endorsement by any organization.

Con ten ts

1 Intro duction 3

2 Q3 and Step Size Re�nement 4

2.1 Phase I: generating the simulation trace : : : : : : : : : : : : : : : : : : : : : : : : : 5

2.1.1 Propagating quantitative information : : : : : : : : : : : : : : : : : : : : : : 5

2.1.2 The monotonicit y constraint : : : : : : : : : : : : : : : : : : : : : : : : : : : 7

2.1.3 The mean v alue constraint : : : : : : : : : : : : : : : : : : : : : : : : : : : : 8

2.2 Phase I I: progressive re�nement : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 9

2.2.1 Step size re�nement: overview : : : : : : : : : : : : : : : : : : : : : : : : : : 10

2.2.2 Step size re�nement: algorithm : : : : : : : : : : : : : : : : : : : : : : : : : : 10

3 Detailed Example: a Nonlinear Second-Order Ro cket 14

4 Correctness, Convergence, Stability

, and T ermination 18

4.1 Correctness : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 19

4.1.1 Machine round-o� error : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 19

4.2 Convergence : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20

4.2.1 The in�nitesimal step size assumption : : : : : : : : : : : : : : : : : : : : : : 21

4.3 Stabilit y : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 23

4.3.1 Gap existence and creation : : : : : : : : : : : : : : : : : : : : : : : : : : : : 24

4.3.2 T ermination : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 24

5 Applications 24

5.1 Improved predictions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

5.2 Diagnosis : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

5.3 Measurement interpretation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

5.3.1 An illustrativ e example : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

5.3.2 Related work : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

5.4 Bounding the probabilities of qualitative b ehaviors : : : : : : : : : : : : : : : : : : : 28

6 Other Related W ork 28

6.1 Interv al work : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 28

6.2 Numerical work : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 29

6.3 F uzzy mathematics work : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 29

6.3.1 As with standard interv als, op erations on fuzzy interv als can pro duce excess

width : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 30

7 Conclusion 30

8 Acknowledgments 31

A Brief Overview of T arget Interv al Splitting (TIS) 31

B Pro of of Convergence and Stability for Step Size Re�nement 31

1 In tro duction

Systems that change over time are often so complex that analytical solutions, equations predicting

future system states as a function of time, cannot b e found. In those cases simulation is useful for

prediction. Given a mo del of system structure and initial state, simulation determines the system’s

tra jectory through its state space.

When accurate numerical information ab out structure and initial state is av ailable, a large b o dy

of numerical simulation techniques is av ailable. When only qualitativ e information ab out a mo del is

av ailable, a signi�cant b o dy of work describ es metho ds for qualitative simulation. But what ab out

the many cases in which accurate numerical information is unav ailable, preventing traditional

numerical simulation, yet incomplete numerical information is av ailable, providing the p otential

for stronger predictions than pure qualitative simulation provides? That question motiv ates semi-

quantitative simulation, in which numerical and qualitativ e techniques are combined to make more

informativ e inferences than either alone would make.

As an example consider nonlinear, second order system, a ro cket �red straight up in a gravita-

tional �eld that decreases with height. Compared to the simple case of movement in a gravitational

�eld that remains constant with height, this example is more interesting for qualitativ e simulation

due to its nonlinear and second order nature.

T o illustrate the p oint that qualitativ e and numerical simulation have relative strengths and

weaknesses, here is a limitation of each:

� Numerical simulation cannot infer that the �nal height could b e in�nite. More generally ,

unlike qualitative simulation (Figure 1), numerical simulations cannot infer in�nite v alues at

all.

� Qualitative simulations cannot infer whether or not the ro cket rises to in�nity as shown in

Figure 1, or instead falls back to the ground. More generally

, unlike numerical simulation,

qualitative simulation cannot infer which qualitativ e b ehavior will b e the one to actually

o ccur in a given instance.

Semi-quantitative simulation combines b oth qualitative and quantitative simulations so as to

comp ensate for weaknesses in each with strengths of the other. This leads to signi�cant guarantees

which semi-quantitative simulation can provide.

� All qualitative b ehaviors that are consistent with av ailable quantitative information can b e

found.

� Each qualitativ e b ehavior can either b e annotated with interv als providing quantitativ e

b ounds on system tra jectories conforming to that qualitative b ehavior, or ruled out entirely .

In an earlier system, Q2 (Kuip ers and Berleant 1988), we showed how a qualitative b ehavior’s

symb olic v alues can b e annotated with interv als that b ound their quantitative v alues. While Q2

provides useful results and has b een used in other work (Dvorak 1989 1992; Kay and Kuip ers

1993; F arquhar et al. 1994), it relies on simulations that contain only the few time p oints at which

qualitatively signi�cant events o ccur, which limits the quantitative inferences it can provide.

The present system, Q3, extends Q2 with step size re�nement and auxiliary techniques. Step

size re�nement interp olates new states into an existing sequence of states in a simulation tra jectory ,

adaptively reducing the size of the time steps in the simulation. Step size re�nement constitutes

a pragmatic contribution b ecause it allows b etter inferences than either qualitative or quantita-

tive simulation alone. F rom a theoretical p ersp ective, it inherits imp ortant guarantees from b oth

qualitative and quantitative simulations.

An object is fired upward fast enough to escape a gravitational field

↑ ....

.↑ .....°

T0T1

INF

0

D0

-INF

= 0 ↓ .....^↓

. . . . . °

R*

D3

0

= 1

↑ ...

. ._↑

. . .

. ._↑

0

INF

(c)

Gravity(tVelocity(t) Distance(t)

of an jectthan e ws

the itsn duces

another to Earth wn).

.

expands t

and y t.

and Step t.n y n e in can prunin viding umerical ounds feature is

that e incomplete t required; als

.ossible size is of

h tial er as the e making

explicit that implied del information.

Q3 tree of

.ers

t is als that del ariables at time h etter out jectories ossible

with pure e pruning tree viors, often

inferences als.

etter e ting Q2’ propaga-

tion hes, lattices Q1

1991)1

.BOUNDER while h help, criti-

issue the the explicitly ted

time the on of the ell step in

ordinary equations.

umerical results when large,

ely as size ion ecomes

.large

step size features a ari-

hange one the standard

(Gear is umerically quali-

1

has connection and Q3.

ecause the do hange

tly one t the are

y and tend to eak.

Q2 sizes ed

.inferences, just reducing step size

(within sizeour

hm Q2 the theoretically ly t sizes.

Q3 viors QSIM infor-

Q2reducing using

step size and auxiliary t etization

hniques reduce in that�nite arying

the step on ed .dis-

cretization hniques include adaptive stepsize et 1986; and multigrid

ds 1987).

Because the o are�ning e e phase turn.

ulation trace ese

y calling as a ordination

of w the tree,

then (b) erforming detail:

.a viors.

The viors teed include the actual of real conform-

ing a ts as aint

network h timeofe in simting the e

.is has een alues of

del 2 illustrates t ork with an elemen-

example.

e state new ts efrom en and previously The

of these t propagation altz

on els through 3

exemplify this.

the e goI.

is in detail.

e information

osing e templates (Fig-

ure de�ning to on alues del

ank w w ank

Amount(t)of uid

�

�

�

�

�

Z Z Z

Z

Z

t

Netflow(t)

�

�

� �

�

Outflow(t)

Inflow(t)

Amount(T1)capacity

�

�

�

�

�

T1

)

1)

�

� �

�

)

mean

value

.

at

T1

at

T0

)

�

� �

�

0)

)

T0

P

PP

PP

PP

P

(t(t.�

(t)(t=

Rt

(t)

Netflow(T1)

Inflow(T1

Outflow(1)

Netflow(T0

Inflow(T0

Outflow(0)

Amount(T1�Amount()

T1�T0

�

[min(Netflow(T0).Netflow());

max(Netflow(T0

;

Netflow(T1

)]

Diagram adel Diagram aehavior

w tation

°.....°.....°

INF

IF*

0

↑ ....._↑ .

. . . . ↑

0
INF

↓ .....^↓ ..... ↓

NF1

0

-INF

↑ ....._↑

. . . . ._↑

FULL

0

Inflow(tOutflow(tNetflow(tAmount(t)

simple tank delt

hold at quali-

ts its t

.tation w vior del one with more

ould depict but as structure in

ted graphically is wn is the of the ccurs at TIME=T1, when is the of t

2.1.3) relates six alues, . of

Amount, Netflowand TIME.

[2]

+

[2]

X

$

$

%
$

[4]

+

[4]

Y

[0]

+

[6]

Z

(X .Y ) = [0\ ([2

5] + [4.)

[0[6] [6]

..(

) [2

([6;[4; [2\ [0[2]

(Z �

[4\ ([6.� [2.)

[4\ [3[4]

t propagation an at

y using to als tly other

terminals, so t actually one .. o

subtractions,

....

ariables concerned at ts als that

ely ound e landmarks del tsort

wing or more where expresses uncer-

y out assigned an the can conected them 3 and

.an other throughout

ork.

.a kinds can expressed del description.

and y ts among ariables.

and than the alues en

del ariable.

.relating alues t ts on .

of using ts simple, others less so.

.the is greater

some bottomHeight

[100and[01.[0].

exempli�ed and t

Subtraction is deled division

are the t.

y and are ed, and next.

y t thatleads in the

same e

upper envelope

Interval propagation across an M constraint: Y = M (X)

Given Y, find a new range for X:

1) Project Y across the envelopes.

2) Intersect the projection with the old interval for X.

+ +

The interval Y

Interval for X implied by Y

The old interval for X Intersection = new interval for X

lower envelope

M+es.

hed erer es oundof

.

anto xon

.from y is analogous.

If o ariables related, the and .

an al

them

.proof al other.2

A function set of

those are eci�ed y A

ground e monotonic functions umeric functions

.

er monotonic umeric This

is y of

t

t is designed of n one

time to alue calculus,

states:

9t�

.ate(t�

=

(tn

) � (tn�1

)

tn tn�1

(1)

time t�

2 (tn�1 tn

) designates a and .y

y

= d(el)

dt

:

alue of t� infer that

ate(t�

.2 [min(ate(tn�1

)ate(tn

))max(ate(tn�1

)ate(tn

(2)

2

functions t analysis

1964).

t�

.(tn�1 tn a closed[bisa the (b thedule (QSIM) ate(tarying

are een t tn�1 tn

.

rom

(2),

(tn

(tn�1

)

tn tn�1

2 [min(ate(tn�1

)ate(tn

))max(ate(tn�1

)ate(tn

))](3)

tities are e the

xi are Xi

, functions

(xi replaced (Xi

)real erations as

\� onding al the al ore

2 �, functions min() maxare to and high

es

LEVLTn

LEVL(n�1

)

Tn

Tn�1

[min(R(Tn�1

)

RAT E(n

))

max(AT E(n�1

);

RETn

))]

the w

.denoted X and ound y

X 1979).

RHS simpli�es to the RE(Tn�1

)[RE(Tn

)RE(Tn�1

)[RE(n

),

includes in or in the aint:

LEL(Tn

LEVLTn�1

)

Tn

Tn�1

RE(Tn�1

)[RE(Tn

)(4)

can ly onresulting

hand e h tersected the

as 3.

.

alue .tend to the alues

Tn�1

Tn widely is the in

Figure are from step

ts

Figure 6b).

t is based Euler’s

the d the Runge-Kutta

.y problems, y

1-step d can direction

e use and ore 1979

5.7p.

series based al

and and eof series e

n.

I:

et

ely annotated n

Phase and ely

in Phase t cess is the size

gradually reduces of steps een existing

ones hniques vior ng, and 3

and

.t is next.

size iew

estimateattime y extoonly distance the system

tra then to t efore ng further, er

a the size the ion

, is y

step lead less predicted trary of n.

or most

1987) step

to er the step In

t, the decreased increasingly

sharp als.

stepSection and y

endix w algorithm.

size algorithm

.a ordered sequence T0T1: of Ti, an ciated

range [ti

;

ti its [0ranges

y and er limit ti y in�nite.

the three ere duce Figure 6(b) Figure

.a Gaptime that ti

< ti+1

.create d e later.

6(a) a een 2 [0T1[3051

the from time [36711in is

een and T1 [36711(3600olated state will

certainly ccur but efore T1.

olate a Statenew state with gap it

.zero-width [t�

t�

where t�

a within step

size the t�

rounded to

etter the y oiding visual in 1983) done is easily ultiples ere used Figure alues del ariables created

ust een alues the o t enables the with and alues.

Propagate Boundsolated t Ta new of

ns of de�ned y new

alue Ta

[t�

t�

through expanded w arious ounds

2 illustrates

(b).

.detailed, y-step con-

t from an olated time ti-

.inferences

m

m=s

m=s2

↑....._↑

.....

[1596,4010]

↑.....^↑.....

[2950,7862]

↑.....^↑.....

[4120,11635]

↑.....^↑.....

[5145,15360]

↑.....^↑.....

[6050,19050]

↑.....^↑.....

[6851,22716]

↑.....^↑.....

[7561,26363]

↑.....^↑.....

[8188,29995]

↑.....^↑.....

[8740,33615]

↑.....^↑.....

[9223,37225]

↑.....^↑.....

[9639,40827]

↑.....^↑.....

[9993,44421]

↑.....^↑.....

[10288,48010]

↑.....^↑.....

[10525,51593]

↑.....^↑.....

[10706,55171]

↑.....^↑.....

[10833,58745]

↑.....^↑.....

[10905,62316]

↑.....^↑.....

[10924,65883]

↑.... .↑.....°.....^↓. .. ..^↓

T02004006008001000

1200

1400

1600

1800

2000

2200

2400

2600

2800

3000

3200

3400

3600

T1T2

0

K0 [10924,INF)

INF

↓.....^↓.....

[8028,19260]

↓.....^↓.....

[6770,18867]

↓.....^↓.....

[5851,18621]

↓.....^↓.....

[5126,18452]

↓.....^↓.....

[4524,18329]

↓.....^↓.....

[4006,18235]

↓.....^↓.....

[3549,18160]

↓.....^↓.....

[3138,18100]

↓.....^↓.....

[2761,18050]

↓.....^↓.....

[2411,18008]

↓.....^↓.....

[2083,17973]

↓.....^↓.....

[1771,17942]

↓.....^↓.....

[1473,17915]

↓.....^↓.....

[1185,17891]

↓.....^↓.....

[906,17870]

↓.....^↓.....

[632,17851]

↓.....^↓.....

[362,17835]

↓.....^↓.....

[94,17819]

↓.....^↓.

....^↓.

....^↓

.....^↓

INF

R* [10000,20000]

0

D4 (-INF,0)

MINF

↑....._↑.. ...

[-6.29,-3.70]

↑.....^↑.....

[-4.59,-1.97]

↑.....^↑.....

[-3.63,-1.23]

↑.....^↑.....

[-3.01,-0.844]

↑.....^↑.....

[-2.59,-0.617]

↑.....^↑.....

[-2.28,-0.471]

↑.....^↑.....

[-2.06,-0.372]

↑.....^↑.....

[-1.88,-0.301]

↑.....^↑.....

[-1.75,-0.249]

↑.....^↑.....

[-1.64,-0.210]

↑.....^↑.....

[-1.56,-0.179]

↑.....^↑.....

[-1.49,-0.154]

↑.....^↑.....

[-1.44,-0.135]

↑.....^↑.....

[-1.40,-0.119]

↑.....^↑.....

[-1.37,-0.105]

↑.....^↑.....

[-1.35,-0.0939]

↑.....^↑.....

[-1.34,-0.0844]

↑.....^↑.....

[-1.34,-0.0763]

↑.....^↑.....°.....^↓ ... ..^↓

INF

0

D1 [-1.34,0)

D0 [-9.86,-9.8]

MINF

2 [00

[36711)

[36711)

etis�red

Earth’s withsquared

the Earth’s ter is R

0] m

s

, h tains

11000 m

s the could return

Earth the for , and

e time and T2 ottom.

↑ . . . . .↑ ..

. . .°.....^↓ . . . . .^↓

T0T1T2

0

K0 [0,INF)

↓ ....

.^↓ ..

. . .^↓

. . . . .^↓

. . . . .

(-INF,0)

↓

0
R* [3000,3300]

↑ ...

. ._↑ .

. . . .°.....^↓ .

. . .

.^↓

D0 -9.83
D1 [-9.83,0)
0

m

m=s

m=s2

↑.....↑.....

[53.4,62.7]

↑.....^↑.....

[103,122]

↑.....^↑.....

[150,178]

↑.....^↑.....

[193,230]

↑.....^↑.....

[233,279]

↑.....^↑.....

[269,325]

↑.....^↑.....

[304,370]

↑.....^↑.....

[334,409]

↑.....^↑.....

[363,449]

↑.....^↑.....

[387,484]

↑.....^↑.....

[408,515]

↑.....^↑.....

[426,544]

↑.....^↑.....

[441,572]

↑.....^↑.....

[451,595]

↑.....^↑.....

[457,616]

↑.....^↑.....°.....^↓.....

[417,666]

↓.....^↓.....

[403,663]

↓.....^↓.....

[387,658]

↓.....^↓.....

[371,651]

↓.....^↓.....

[328,633]

↓.....^↓.....

[301,618]

↓.....^↓.....

[270,600]

↓.....^↓.....

[235,578]

↓.....^↓.....

[199,555]

↓.....^↓.....

[162,531]

↓.....^↓

.....^↓

T019.0

38.0

57.0

76.0

95.0

114134153174194214235258280305T1402421438454486504523542560577T2

0
K0 [457,666]

↓.....^↓.....

[2813,3117]

↓.....^↓.....

[2630,2937]

↓.....^↓.....

[2449,2760]

↓.....^↓.....

[2270,2586]

↓.....^↓.....

[2094,2415]

↓.....^↓.....

[1921,2246]

↓.....^↓.....

[1740,2070]

↓.....^↓.....

[1570,1905]

↓.....^↓.....

[1383,1725]

↓.....^↓.....

[1207,1555]

↓.....^↓.....

[1033,1387]

↓.....^↓.....

[850,1212]

↓.....^↓.....

[652,1022]

↓.....^↓.....

[462,841]

↓.....^↓.....

[248,636]

↓.....^↓.....^↓.....^↓.....

[-589,-145]

↓.....^↓.....

[-754,-298]

↓.....^↓.....

[-903,-435]

↓.....^↓.....

[-1043,-565]

↓.....^↓.....

[-1328,-824]

↓.....^↓.....

[-1489,-970]

↓.....^↓.....

[-1661,-1125]

↓.....^↓.....

[-1835,-1281]

↓.....^↓.....

[-2001,-1430]

↓.....^↓.....

[-2160,-1571]

↓.....^↓.. ...

[-5482,-1819]

↓

0
R* [3000,3300]

↑.....^↑.....

[-9.67,-9.64]

↑.....^↑.....

[-9.52,-9.46]

↑.....^↑.....

[-9.38,-9.3]

↑.....^↑.....

[-9.26,-9.16]

↑.....^↑.....

[-9.15,-9.02]

↑.....^↑.....

[-9.05,-8.9]

↑.....^↑.....

[-8.95,-8.78]

↑.....^↑.....

[-8.87,-8.68]

↑.....^↑.....

[-8.8,-8.58]

↑.....^↑.....

[-8.74,-8.49]

↑.....^↑.....

[-8.68,-8.41]

↑.....^↑.....

[-8.64,-8.34]

↑.....^↑.....

[-8.6,-8.28]

↑.....^↑.....

[-8.57,-8.22]

↑.....^↑.....

[-8.56,-8.17]

↑.....^↑.....°.....^↓.....

[-8.66,-8.06]

↓.....^↓.....

[-8.7,-8.06]

↓.....^↓.....

[-8.74,-8.08]

↓.....^↓.....

[-8.78,-8.09]

↓.....^↓.....

[-8.89,-8.13]

↓.....^↓.....

[-8.96,-8.17]

↓.....^↓.....

[-9.05,-8.21]

↓.....^↓.....

[-9.14,-8.26]

↓.....^↓.....

[-9.24,-8.32]

↓.....^↓.....

[-9.35,-8.38]

↓.....^↓.

....^↓

0

D1 [-8.56,-8.06]

D0 -9.83

2 [00]

[3051)

[3051)

2 [0[334]

[607]

(a)

(b) ard[3000

.than .

inthe wn h also ws eak that ere unable to

.same

.is ts e inferences

h | e een ey

termediate in the on.

ariable!

Time

#

TIME!

153

T1

153

T2

153

T1

T1

T2

b

e

#

h

’s

(a)

[�9:83;

(�1;

(0;

[305;

[305;

Phase I

0)

0)

1)

1)

1)

3

(b)

[�9:16;

[�9:16;

[1496,,

[229;

[229;

[316;

[316;

terp.

�8:44]

0)

2009]

505]

1)

1)

1)

1

(c)

[�8:99;

[�8:77;

[1535,,

[289;

[373;

[326;

[326;

terp.

�8:57]

0)

1948]

452]

1)

1)

1)

1

(d)

,,

,,

,,

,,

,,

,,

,,

[519;

TIS

1)

1

(e)

[�8:91;

[�8:65;

[1558,,

[319;

[422;

[331;

[519;

terp.

�8:64]

0)

1919]

424]

1)

1)

1)

1

()

,,

[�8:65;

,,

,,

,,

[422;

[331;

[519;

split

�:00052]

1e6]

1)

2

()

,,

[�8:63;

,,

(�1;

,,

[428;

[331;

,,

terp.

�7:98]

�1044]

699]

388]

1

(h)

[�8:87;

[�8:56;

[1570[�5482;

[334;

[457;

[334;

[607;

25 terp.

�8:68]

�8:06]

1905]

�1819]

409]

666]

384]

915]

1

(i)

[�8:87;

[�8:53;

[1572[�4653;

[337;

[470;

[335;

[607;

terp.

�8:69]

�8:10]

1902]

�2137]

407]

646]

382]

835]

1 at del

ariables are h wn at (the t y t either T1 when at highest or hits ground

.hnique usedthat

get as the stages ws

(a);(b);(c):::

in

text.)

|

Ti�1

�

� gap

� �

Ti

-time

�

S

�

Ti�1

Ti time ointsbut to indicated

y solid

Ti the step whose

size [( ap)where ( ap) is the the gap.

is step size

.Ti�1 to Ti

.

Nonlinear through example requiring the auxiliary Q3

in h system oth

nonlinear, hence es useful demonstration e

del this zed de-

.wn e the and y

[300000] s less

e y of 11m

s ust k Earth.3

direct Q3e ecify goal.

as asossible and thee-

havior(s)."

the umerical the �rst to is

Subgoal many able."

with get rough obtained y the ti-

e return to and viors4

6a is at stage and is

able a.

ruled the e viors, though

e ossible en [3000] m

s

.

Phase I, t e ecause of the to 305

[0[305

1(Figure able 1 aThere

een the will

1column and able t olated one new state een and for

3

Rotation atmospheric ignored.

4

vior the decreases zero, other e alue.

escape-velocity

(text r’’=-GM/r^2")

model variables values.

ces

core")

)

)

surface")

of )

0 )

)

constant G")

of )

)

)

))

The templates

(constraints

))

(s* sea-level))

)

(g* )

(k* )

)

))

))

surface))

G))

Earth-M))

k))

-k))

)

a order nonlinear alues constraints among es free�eld, h jectdistance to second

tial equation

d2

r

dt2

=

�GM

r

2

:

ve-info

y-abou-3000)

s

constant

6.67e-11)))

mass

)))

of Earth

)))

velocity

))))

())) ellincompletely

eci�edinitial of8)surface.

the this 153e

T1=1ccurred at time propagation on the resulting t

for the e of the anin able the b.

has een fully but ly satis�ed, e

still w out the et es es to

w als, and new alues del ts

subgoals:

Subgoal

T0 T1,"

and

T1 T2."

Step can een address Subgoal 2step size

et [3161[3161Subgoal 3

there no een and Subgoal us a

subgoal:

en T1 T2."

ossible

.2 result gap T1

and step t applied T0 T1 to

.Subgoal and 3a.

een and T1

ion at is

cthat progress een a gap

een T2get it necessary a decrease in a

gap. hniques

A),

should e efore ng

CONSTRAINT

REASON

Conditions

RT0

= 6:37e6 meters

(i)

en

(DR=DT)T0

2 [3000 m=s

(ii)

Inferred

�3:99e14

(iii)

rom and in Phase I.

(D2R/DT2)T0

.�9:83 m=s()

(R^2)T0 and in I.

MEAN ALUE

R

(T0)[

R

()

(�1()

has DR/DT

use and

(ii)

.

R ariable: DR=DT

m=s ard)

R1000

;

R1000

(�19:67e6]

equation (4)

L(Tn

) using

(i)

,

(ii)

and

()

.

LRfrom

)

(DR=)1000

;

(DR/DT)1000

2 (01)

(i)

has

R1000

RT0

, so (4)

that DR/DT e.:

Tn�1

T0 0Tn

1000

R1000

;

R1000

(6:37e6

967e6]

(ii)

equation for using

(i)

,

(ii)

and

(i)

.

TION

R�RR^2so

R1000

�R1000

=(R^2)1000

(R^2)1000

;

(R^2)1000

;

(R^2)1000

[4:06e13935e(iii)

Square R1000 from

(ii)

.

TION

(D2R/DT2)�(R^2-Kso

(D2R/DT2)0

�(R^2)1000

-K1000

-K*

()1000

;

()1000

;

(D2R/DT2)1000

[�9:83

�4(ix)

-K*from

(iii)

y

(R^2)1000 from

(iii)

.

ALUE

R ariable: D2R/DT2

.m=s2

)

LDR/DT

Tn�1

= 0Tn

1000

Prune vior;

DR/DT)1000

.(01and

DR/DT)1000

[�6830�9655] tersection; ed.

(ii)

,

()

,

(i)

, and

(ix)

are

t (4).

race%

↑.....↑... ..

[6.37e6,9.67e6]

↑.....↑...

..^↑

T01000

T1

0
SEA-LEVEL 6.37e6
INF

↓.....^↓.....

NULL (NON-INTERVAL)

↓.....^↓.....°

T01000

T1

MINF
0D3 (0,3300]
R* [3000,3300]
INF

↑

.. .. .

↑

.. .. .

[-9.83,-4.27]

↑

. . . . . ↑

. . . . .

°

T01000

T1

MINF

D0 -9.83

0

INF

(b) Plot%

Radius=r(ty=dr/dt(tation=d2r/dt2(t) trace propagation of the a as at ccurred for viors.

A a e vior. the y at 1000.

viortreehigh

int ontarget al ng

isusedtry T2

and ering

.

with T2 [3261Q3 ontargetal ng

assumedT2 [326.settle ered

led inconsistency detecting Therefore

[326so [326trimmed the T2, [4341(Before

out [326 unsuccessfully rule larger

[326

[326al ruling

.[434[434unsuccessfully tried out

[482successfully [482then [500and ruling

.[519as able reduce

1 tried ruling

al [1x on target ear in

A.)1 w dthat no gap

T2 target reduce

T1 1w

T2

> T1 has een made in the w

is een size Q3

Q3ored

hnique, t is ed this t.

ere olated size t, able w e.

.T2

rising, h a e Therefore ailable Q3, should ed.

ying duce a of tly ted,

.tical and in is e y separate

al cessed 2

[3311 separate als [33106and [106

1

106

as y

high ound to one but ounds

are tly ounds in�nite inhibit the

an isy er.)

al with T1 one the .h the of new y’s

t able f).

After more state the .

[106

1]

the T1 2 [33110gap een w g).

The Subgoal 3astep t Subgoal 3is

.

t to re�ne of the on

tire

After h olation, etter umerical are a total e

.een summarized (and more

k t i after total ons.ergence, ermination hounds the range alues that the Convermeans ued ecome the del eci�ed initial conditions

and is one more als e

are in h y eci�cations ened, the

result als e wider but a �rst correctness, and for t.

Correctness

ers, them. here implies safely

65). Bounds also reasons.

a problem aluating expressions ore

.

p. 84{88

1986 h (X � ):

but can

e example,

.[1ard calculation es

� .[1� [1

[�1some expressions subtractions or in al ears than

excess in are

linear and et y

et 1982), although progress on optimizing tradeo�

y yand .

middle y e imts e y

ing alue sets

This

tral (1992).

Q3 uses on al correct e

ed o h vis er, Q3 also requires

the nature hine arithmetic incorrectness round-o�

error.

round-o� error

arithmetic viously impact calcu-

,ound-o� orexample, while

1

2 ted

format,

1

3

.

useas ascalteedround-o� is ounds ard and high

ounds ard. CLisp o�ers solution h is

completely under is

CLisp will ork if set, d

ore p.

ound h ter-

al of alue the .ound this

ortion ensate duced y inclusion hence tained.

ergence tytoac-

curacy

(Gear wing all

to predictions p. ore pp.

1987

p.

. sizeofon hes zero.

the size thetotal steps computational y

a to oating

orthewidth y arith-

inthe in alidating

Ouranalysis nal analyses of ofdsh

d (Gear1971;basic h

Grossman1

states:

Y

0

F() e a system

�rstquations,5 eof interval onsidersome

[offorachY() of

Y()

(t

� [hi].assume

F()when

�

[hithat

Fi in

thefunction

fi

(

).7the maximum step let Yt=b esent thed

Y dnorm,8

Y0 k amount of ertainty eonstants K1 K2

that

Yt=b

� K1

Y0

+K2

(5)

Y0

�xed b implies

that Yn

0 esizearbitrarily close Q3, this gap

starting time t gap y een plus t

(Phase tothe is t .ergence region.

result y y observing

that y fully eci�ed .

can e with conditions.

10 ergence x according to

dx

dt

=

1

x

:

predictions ecome h as are and ould result in in�nitesimal step erfect this

5

.B and con-

.orks.

6

[hia restriction systems in the

case erges region.

7

Common use er alued and er case ariables and functions.

8

means al ector.

system from example, out,

.2 [1implies

1

x

2 [

3

2

2]

y hand Q3es

+ 1

x

2

[1.

1

[1; =

[2]

[1]

[

2

2

;

3

1

= [13]

width.

al step assumption

as incase)

step e issue bullets

w.

e to reduce step

.h desired, lead a the um step ergence.

of ergence is [0e ts

0.875 edtolated in (0:efore (0:75a strictly step to ed.

The decrease step size within the should not only e alsoolated time should step to

o steps h that width of h than (idth( some

prede�ned (0:5efore ergence [0 on ts of

0:10:10:1:

decreasing ergence.

are step t can

a e hniques at if the ound

of

�nite.

the is some ecause

the w rises ued states etter T1ossible alues.

few as .

1the has h cases, the

�rst can e y t will thea �nite region at and olations can

in Figure 10 has e time T0and T1=1.

The olated as 1:0therefore step

and steps, width=1:and width=1In

10 ere the region (0t tk

1

.e olated the tk

:

X

Time

0.70

0.80

0.90

1.00

1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.90

2.00

2.10

2.20

2.30

2.40

2.50

2.60

2.70

2.80

2.90

3.00

3.10

0.00 0.20 0.40 0.60 0.80 1.00 +inf

X

Time

0.70

0.80

0.90

1.00

1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.90

2.00

2.10

2.20

2.30

2.40

2.50

2.60

2.70

2.80

2.90

3.00

3.10

0.00 0.20 0.40 0.60 0.80 1.00 +inf

X

Time

0.70

0.80

0.90

1.00

1.10

1.20

1.30

1.40

1.50

1.60

1.70

1.80

1.90

2.00

2.10

2.20

2.30

2.40

2.50

2.60

2.70

2.80

2.90

3.00

3.10

0.00 0.20 0.40 0.60 0.80 1.00 +inf

dx

dt

=

1

x

.x(0)

1A

.for dx

dt

= x+1

x there

.1 time0:1:al

0:1:00 isaty

delimiters.

on

t

5

to

ounds simple,

example).

y\the

alues solutionen

9).

.as

yn yn y0 y0

(6)

y0 y0 yn yn of

a

[0h0for

h0

.ewidththat

es.9

.is:

Yn

K Y0 k

Therefore,

h t

.

10ofold. del

.t en

eci�ed.)

predictions.

9 uine

solution (tn yn

.

10

K2 the commonly tingetter

than

.erties.

creation

The

.case [00]particular:

T0T1=and so

eded.

.T1

1

(0T1

is

.T1

ecomes

1.)

of t they

.gap.

splitting. .details.

olate. 3.

gap.

gap.

ccurs

11.

ermination

alues

e als

and

�nite toer.hange its

�.ecause a ound,11

ens pruned12

seen).

Applications

predictions

but enext.

11

.from

�1

,

erienced

.them.

12

(1993).

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

T01001000

10000

KT1K0T2K1T3K2T4

Thermostat Setting

                          MAX [80.0,INF)

                          ROOMTEMP 80.0

                          MIN (-INF,80.0]

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

Outside Temperature

                          0

                          COLD [0,80.0]

                          ROOMTEMP 80.0

                          HOT [100.0,100]

                          INF

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

°

.....

°

.....

°

.....

°

.....

°

Heat Flow Resistance

                          0

                          R0 19.0

                          INF

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

.

.

.

.

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.....

°

.

.

.

.

.

°

.....

°

.....

°

.....

°

.....

°

Heat pumped outside

                          0

                          ON 24.0

                          INF

↑

.....

↑

..

...

80.0

↑

.

..

..

↑

.

..

..

80.1

↑

.

.

.

.

.

↑

.

.

.

.

.

80.7

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

Inside Temperature

                          INF

                          TI2 82.0

                          81.5

                          ROOMTEMP 80.0

                          79.5

                          TI6 78.9

                          0

↓

.....

↓

....

.

20.0

↓

..

..

.

↓

..

..

.

19.9

↓

.

.

.

.

.

↓

.

.

.

.

.

19.3

↓

.

.

.

.

.

↓

.

.

.

.

.

18.5

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

20.5

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

TempIn - TempOut

                          INF

                          IO7 21.1

                          IO0 20.0

                          IO1 18.0

                          0

                          MINF

↓

.....

↓

.....

1.05

↓

.. ...

↓

... ..

↓

.

.

.

.

.

↓

.

.

.

.

.

1.02

↓

.

.

.

.

.

↓

.

.

.

.

.

0.974

↓

. .

. .

.

↓

. .

. .

.

↓

.

↑

.

. .

. .

↑

.

. .

. .

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

1.08

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

T01001000

10000

KT1K0T2K1T3K2T4

Heat Flow in from outside

                          INF

                          IF7 1.11

                          IF0 1.05

                          IF1 0.947

                          0

↓

.....

↓

.....

↓

... ..

↓

.... .

↓

. . . . .

↓

. . . . .

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

. . . . .

↓

. . . . .

↓

.

.

.

.

.

↑

. . . . .

↑

. . . . .

-23.0

↑

.

.

.

.

.

↑

.

.

.

.

.

-22.9

↑

. . . . .

↑

. . . . .

↑

. . . . .

↑

. . . . .

↑

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

.

.

.

.

.

↓

     Net Heat Flow

                          INF

                          NF4 1.11

                          NF0 1.05

                          NF1 0.947

                          0

                          NF3 -22.9

                          NF2 -23.1

                          MINF

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

.

.

.

.

.

↑

TIME

                          INF

                          T4 [46557,48089]

                          K2 [39612,40956]

                          T3 [31514,32608]

                          K1 [31121,32214]

                          T2 [30795,31887]

                          K0 [29818,30906]

                          T1 [29493,30580]

                          K  [21797,22655]

                          10000

                          1000

                          100

                          T0 0

elling. .this T1,

T4

100,

1000

10000 h79:81:5in

een dels.

| predictions

inferences, .

.v-ew

used (Q2this di�erence tank

reactor.

eThey

ater

scenarios.

Diagnosis vior.

just

t

.dels.

ecause a

the

.

ork.

example

[12000time

t

3200

3400 t.the[10833 ecause

ounded at

t for

ts.

3.

ork just

rule

MIMIC tand reasons.

decreased.

on.

!

y

t oint!

400

3000

T1

400

3000

T1

t

[677018867]

[906;

17870]

[0;

0]

[2950;

7862]

[10706;

[10924;

1)

t:

t212500]

time=3375

[677018463]

[906;

14295]

[0;

0]

[2950;

4558]

[10706;

[12025;

1)

t:

time=3375

[677018293]

[906;

13844]

[0;

0]

[2950;

4058]

[10706;

[120251)

ariable!

Acceleration

400

3000

T1

t

[�4:59;

�1:97]

[�1:37;

�0:105]

[�1:34;

0)

t:

t212500]

time=3375

[�4:59;

�3:34]

[�1:37;

�1:14]

[�1:18;

0)

t:

t=12000

time=3375

[�4:59;

�3:67]

[�1:37;

�1:2]

[�1:18;

0)

Accel-

and t" constraining

t in

conditions system

abstracts

efore actual

.used

Q3.

.is

wieldy shortcoming needed.

MIMIC.

viors

y

functions more dfs of

.alue.

anusing h

within t

1993).

ork theeigen-

and Sec-

1992;

.her1991;

.

Simmons and 1991).

in-

on alues.

orkad-

t

.(ibid. ..

�ndearlier.

Q3 ounds

NSIM Q2a

es exists.

orkSIMGEN

(SIMGEN dis-

tages.

rising

umerical

ons.

generation.

(2)

in

conditions.

Maniezzo v-e

on.

requiring

h-

(as

example.)

orkShen

and

.12)Bonissone these ac-

.

&(1978

er fuzzy

(Kaufmann

practical h-x

6

�(x)

q

1

q

-5

�

�

�

q q q q q

-2

.Z

q q q q q

2

Q

QQ

QQ

Qq

5

�

�

�

Z

A

AAq q q q q

q q q q q

102 q

107 q

Figure

.�(xal.

can excess

width onin-

[104os-

..as

[104[104[�2

[102[102[�5.actually

is

als.

�(xership,

for

.12.

ed the reduces .ecial reasoning isfuzzy

6).

Conclusion imple-

tation, on

of

.

h ng.

simulation:

found.

tovior

descriptions.

.and

zero.

wledge.

e�nement ter-

vior.

ed,prob-

The semi- e-

inferences sizecor-

rectness.

ts

Deand

t

.individuals.

(TIS) sub-hnique

r-fotial

\completeness"

1993).

tform

for

Q3ork binary

.

op(aasOutline

X

2

, and

.[0[�1Figure).

14.

H

HHH

HH

�

�

�

�

@

@

HH

HH

HH

�

�

�

�

@

@

H

HHH

HH

�

�

�

�

@

@

$

$

$

%

X

[01]

Y

[�11]

[01]

X

2

X .[0propa-

concludes [�1 strengthened

14.

c(as

.onen

y

0

= x0

(+x0

.

w)dydt),

dxdt) dydt) er-

ations hangeable.

Y

0

(Y an[hi(t) [hi].(Y

[hi],13

(Y extension14 ational

(

).7(Yt=b b.et (Y0 K1

K2 that

(Yt=b

.K1

(Y0

K2

(7)

13 divisor f . er.QSIM ints.canys

hitz.

14

2.1.3.

ounds:

Iteration

al(s)

Reason

1

[�1propagation

[�1[01]

test

2

[�1�0:[�0:5test

X

out

[�0:5]

al

3

[�0:5+0:[+0:25test

4

[�0:5�0[�0:125]

test

5

[�0:5�0:[�0:31251]

test

X

out

[�0:3125al

6

[�0:3125+0:[+0:34381]

test

7

[�0:3125+0:[+0:01581]

test

.

.

.

.

.

.

.

.

.

[�0:�1

1]

Conclude

N

[�0:�1

1]

en

[�0:

�1

.+0:�

�1 2

[+0:�

�1 2

1]

test

.

.

.

.

.

.

.

.

.

[�0:�1

�2

]

Conclude

Figure .

it.

X

2

.�rst

[�1

[�1then quarter,

[�1

�:the

.

example,

[�1�:

cess

target.

\X"

X

2

quite

[�:25

�.

ofGross-

man

Yt=(n�1)h

Yn�1

Yt=nh as

Yn

.

thetn�1

tn to

Yn

.Yn

(Yn�1 h[

(Yn�1)[

(Yn

(8) theYnstate2.2.2).

with

Ynwith

Yn

Yn�1 h[

)](9)

Yn

.ecause

Q3

1986).

monotonic(A( B

3.2). .Yn

Yn�1

(Y1

[

Yn so

(Yn�1

(Y1

[

Yn

)

(Yn

(Y1

[

Yn

);

(Yn�1

)[

(Yn

(Y1

[

Yn

):

conclude

Yn

Yn�1

[

Yn

)(10)

als:

(Yn

(Yn�1

.(Y1

[

Yn erset.

(Yn�1

(.(Y1

[

Yn terms

(11) extension Y0 for

functions:15

((Y1

[

Yn

(Y1

[

Yn

) e

(Yn

(Yn�1

(Y1

[

Yn

)(12)

Yn

Yi

[hit)

�

(Yi

(

3)

�

Yn

Yn�1 h[.()[

((9)

�

Yn

Yn�1

.():

15 j(y1

(y2

)j Ljy1

.y2 for

.y1 y2

(Y will .Y0

DL4.1).

justify

(Yn

(Yn�1

.(Y1

[

(Yn�1

())):(.(jtheThen

(Yn

(Yn�1

(Y1

[

(Yn�1 h[�.m]))

(Yn�1

(Yn�1 h[�m])

(Yn�1

((Yn�1

) 2hm)

(Yn�1

(Yn�1

2h2

Lm

hL)(Yn�1

2h2

(13)

(Yn is k

2.6):

(Yn

(Y0

) n�1

Y

=0 hL)!

+ n�1

X

=0

0

@ n�1

Y

=+1 hL)1

A

2h2

Lm

(Y0 hL)n

2h2

LmhL)n�1

hL)n�2

.+ hL)0

]:

hLhLsub-

tracting.

hL)(Yn

(Y0 hL)n+1

2h2

Lm

�

hL)n

hL)1

�

�(Yn

�(Y0 hL)n

2h2

Lm

�hL)n�1

hL)0

�

(Yn

(Y0

)hLhL)n

2h2

( hL)n

1)

ehL

.+

(hL)2

2!

+

(hL)3

3!

..ehL hL, so

(Yn hL(ehL

)n

(Y0

2h2

Lm

�

(ehL

)n

1�

hLenhL

(Y0

2h2

Lm(enhL

1):

Yn

.nhnh. Then

(Yn hLebL

(Y0

2h2

Lm(ebL

1)

(Yn ebL

(Y0

2hm(ebL

1):

K1 ebL

K2

2m(ebL

.

.nhK1

K2 regardless

hThen,

(Yt=b

K1

(Y0

.K2

(14)

(Y0

.this

(Y0

(Yn

Yn

,

hes 0.

estability: y

K1

0.

Y

0

.F( interval d[hionent

Y(

)Y()

(t.[hi]

F(Y()

.[hi]

ach

Fi fi

.7

Yt=b estimate

.bnorm,8

Y0 amount

Yt=b

K1

Y0

+K2 h:

extends e3.2).Fi

Y(

)

YY

..

FiF.as

.

Fi(4).e de�ning

the hisers,di�cation.

assumes steps h thee

h.

(M+

M�

y ecause .

single

(1)inrealto

es.

Corollary monotonic

di�er ciY

�

t ktimebYtamount eci

Then,

Y

�

t=b

K1

Y

�

0

+K2 h:

.G,E G alues .

e explicitly

El elope

E Gl and

G cases:

16

order

.without

the

x00

(x0

)2

..a

conjecture.

Elelope

E

Glelope

�

G

G.

ci

E ci

e ci

Ci

[ci

;

ci

Ci

G

ci

or ci

G( G(ci

G(Ci �

G(;

ci max

=i;j;:::

(Cr

G(Ci

Cj

)

El

E and

the ject Y

�

n y

(kYn k).

.

Y

�

n

=

(max

G

(k)Yn k for.Elelope

.E

0, Y0

Y

�

0

4.2).

generalized

G

true?

ts.e de�ned

table.

El

E less

.Gcase e.

situation d.

s bridge,

1985).

1983).

(1983)

832{843.

(1982)

225{237.

323{26.

l48{70.

hnical

(1991).

onComputingresults

(1991).

Q33{16.

etts,

.

(1984).

1987).

1964).

of51{70.

Systemsy anmsa, (1991).

1980 ein:and1982).

Bonissone y:

o�e217{247.

(138)

333{390.

1987).

(1981)

285{348.

786{790.

on901{910.

Inc.,

313{321.

171{196.

than

331{347.

Engineering

.telligence

(1989).

.L.1991).

595{599.

281{331.

(1988)

375{399.

(1991)

in:

0)373{379.

MIT

(1975). ,

1976).

s

141{152.

in: 87:

e,ort no

.emes

1988).

(6)

(1978).

Joint

1238{1243.

ulation,

TX

(1992).

.sis

1981).

usetts,

1992). .

1994.

Int.19

295{316.

.(1985).

on)113{117.

ulations: . e

in:

0)380{387.

ulations:

in:of)San bridge,

1992).

1961).

d

1971).

223{271.

(John ork,

1962).

h,

.

71{112.

ork,

1985).

in:.thebridge,

241{246.

Science,

1996).

606{613.

in:ms,

298{305.

y

(1991).

analysis,

967{975.

57{95.

in:)(MIT

324{329.

U.es

255{286.

for65{74.

(1984)

107{156.

thebridge,

260{267.

in:

theSystemsh,

298{305.

in:thePhiladelphia 1986)

794{799.

Applied

1979).

bining

in:

n

SystemsLos

98{107.

R.1988).

eds.,ear).bridge Press,

1986).

l7)649{654.

umerical

27{56.

in: .

18{19.

1990).

1993. in:

83{100.

e364{368.

l6)118{124.

on)94{99.

53159{207.

in:8.programming,

in: 1993).

437{440.

UCB/ERL

.eley (1979).

1983).

in:lPhiladelphia 105{112.

264{269.

.al39{94.

Press,

1991).

(

&

(1978).

Reading,

1972).

al(forthcoming).

in:l)1991).